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Abstract
Circuit localization is a mechanistic interpretability task whose goal is to identify
a sparse subgraph of a transformer’s computation graph sufficient to reproduce
a particular behavior. Most established methods localize circuits independently
for each model–task pair. We instead frame circuit localization as a graph ma-
chine learning problem in which the edges of a computation graph represent
computational pathways, and graph neural networks (GNNs) model interactions
among these pathways. We introduce Graph Circuit Learning (GCL), a super-
vised, amortized framework that trains a GNN across multiple model–task pairs
and applies it to unseen cases. To provide sufficient data, we augment the IN-
TERPBENCH benchmark with additional cases derived from the TRACRBENCH
programs. Of the 14 evaluated GCL configurations, the highest scored a median
edge AUROC of 0.902 (interquartile interval [0.861, 0.942]) on the 16 original
held-out INTERPBENCH cases. This is close to the published INTERPBENCH
median of 0.910 for EAP-IG while remaining below ACDC’s 0.959. Removing
all message-passing edges reduces the median to 0.825. We also adapt PGEx-
plainer, a GNN explainability method, to circuit localization, obtaining a median
edge AUROC of 0.858 on the same cases. These preliminary results suggest that
graph machine learning offers a natural and potentially powerful perspective on
circuit localization, and we hope this perspective encourages closer exchange
between the two communities.

1 Introduction
Circuit localization is a task in mechanistic interpretability that seeks to identify a sparse subgraph
of a neural network’s computation graph sufficient to reproduce a specified behavior. Most existing
methods infer a new circuit for each model–task pair, repeating the localization process and limiting
the reuse of regularities learned from circuits in other models or tasks [1–7].

Circuits themselves are graphs. They admit many representations and granularity levels, exposing
computational relationships and symmetries that graph learning methods are designed to exploit [8–
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10]. In particular, graph structure identifies where pathways meet, which provides a natural inductive
bias for modeling dependencies between computationally related pathways. As a motivation for why
graph learning is a natural fit for circuit localization, we show that the effect of intervening on one
pathway can depend on another pathway entering the same component (Section 2).

We investigate two complementary approaches to applying graph machine learning to circuit localiza-
tion (Section 3). (1) We introduce Graph Circuit Learning (GCL), a supervised, amortized framework
that trains a graph neural network (GNN) across labeled model–task cases and applies it to unseen
ones. (2) We adapt a popular GNN explainer, PGExplainer [11], to the canonical per–model–task
setting. To support cross-case training and evaluation, we construct a benchmark that extends IN-
TERPBENCH [12] with 30 TRACRBENCH-derived model–task pairs and a split designed to evaluate
transfer to unseen pairs (Section 4). Our preliminary results show that the best GCL configuration is
competitive with published per-case baselines on held-out cases.

2 Circuit Localization as a Graph Machine Learning Problem
For a trained transformer M, we represent its computation as a component-level directed acyclic
graph GM = (VM, EM), whose nodes are components such as attention heads or MLP blocks and
whose edges are possible computational pathways through the residual stream [7, 20] (Figure 1a and
Section A). A circuit is a sparse subgraph of GM sufficient to reproduce a specified behavior. For
a model–task case (M, T ), the task T provides clean–corrupted prompt pairs (x, x′) and a scalar
metric LT . Circuit localization infers a binary mask y ∈ {0, 1}|EM| over the candidate pathways:
ye = 1 retains the clean message along edge e, whereas ye = 0 replaces it with the corresponding
corrupted message. We denote the metric under this masked computation by LT (M, x, x′;y).

At the component level, GM is heterogeneous. Its nodes have different computational roles, and
their features vary in both dimension and semantics within and across models. Therefore, learning
across model–task cases is more challenging than learning on a fixed graph with a shared feature
space. Similar challenges arise in heterogeneous graph foundation models [21]. Section A discusses
this issue and alternative graph representations.

The motivation for modeling relationships between computational pathways comes from their inter-
actions. Consider two edges e1 and e2, whose interventions induce fixed additive message changes
∆me1,p and ∆me2,p at the same read input ut,p of component t at token position p. Let Lt,p(u)
denote the scalar task metric obtained by replacing this read input with u and continuing the down-
stream computation. Writing ucl

t,p for the clean read input, define Ip(e1, e2) as the interaction contrast
between applying both message changes jointly and applying each separately, as formalized in Equa-
tion (34) of Section E. Assume Lt,p is twice continuously differentiable on a neighborhood containing
the intervention surface and its Hessian is locally Lipschitz there. Let Qt,p = ∇2

uLt,p(u
cl
t,p) denote

the Hessian at the clean read input. Then, for sufficiently small message changes, we have:

Ip(e1, e2) = ∆m⊤
e1,pQt,p∆me2,p +O

(
(∥∆me1,p∥+ ∥∆me2,p∥)

3
)
. (1)

Section E contains the full derivation and proof. A nonzero mixed term indicates that the leading local
interaction depends jointly on both message changes and the downstream computation. Thus, pathway
relevance cannot always be decomposed into independent edge scores. Graph representations that
expose shared read inputs and other relationships among pathways provide graph learners with useful
structure for modeling such interactions.

3 Graph Machine Learning for Circuit Localization
We investigate two complementary graph machine learning approaches for learning circuit masks.

Graph Circuit Learning (GCL). Rather than inferring a circuit mask independently for every
model–task case, GCL trains a GNN across multiple model–task cases using their ground-truth masks,
then applies the learned predictor to unseen model–task cases (Figure 1b).

Each training case (Mi, Ti) consists of a transformer with component-level computation graph GMi
,

a task Ti, and a ground-truth circuit mask yi. We train one predictor across cases: gθ (GM, T ) =
ŷ ∈ [0, 1]|EM| where ŷe estimates whether edge e is in the ground-truth circuit, and training is
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Graph Construction: from M and (x,x′) to a graph with features GM(x)
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(a) Constructing a component-level computation graph with edge features from a transformer and a prompt
pair. Each component reads from the residual stream and writes an additive update back to it. Unrolling these
interactions yields the graph GM, whose nodes are components and whose edges are computational pathways.
Running the model on a clean prompt x and a corrupted prompt x′, each containing P token positions, produces
the edge activations ze. Together, the graph and activations form the clean (green) and corrupted (red) featured
graphs passed to the learner in Figure 1b.

Existing Per-Model–Task Circuit Localization

Individual Case

∼ T1
Optimize
from scratch

ŷ
New Case

∼ TN
Optimize
from scratch

ŷ

Cross-Model–Task Circuit Learning

Training: individual samples (Mi, Ti)

∼ T1 ∼ TN

Inference: unseen (M, T )

∼ T

Example Graph
Learner gθ

1) Graph Transformation
2) Feature Alignment
3) Graph Learning
4) Pooling
5) Readout

Training Loss

vs.

y ŷ

vs.

y ŷ

Predicted Circuit
ŷ

update θ

(b) Existing circuit-localization methods optimize a separate mask for each model–task case. The illustrated
approach instead trains a shared graph learner gθ across cases and applies it to unseen ones. Our example
graph learner transforms the component-level computation graph into a directed line graph [13] (or an incidence
graph [14, 15]). It then aligns heterogeneous features using TabPFN-style 1D feature attention [16], processes
the transformed graph with a directed graph learner such as DirGNN [17] (or DAGformer [18]), and pools
across token positions and prompt pairs using a permutation-invariant method [19]. Finally, it reads out one
circuit-membership score for each edge in the original component-level computation graph. This architecture is
one possible design. Section B details each stage.

Figure 1: An overview of (a) the component-level computation graph construction and (b) the
per-case circuit localization vs. cross-case circuit learning.

end-to-end against the ground-truth masks with binary cross-entropy. Further implementation details
are provided in Section B.

Figure 1b illustrates our primary graph-learning architecture, which comprises five stages: graph
transformation, feature alignment, graph learning, pooling, and readout. This architecture represents
only one way to learn from the component-level computation graph. Future work can explore
alternative graph representations and learning architectures for circuit localization.

GNN Explainers for Circuit Localization. PGExplainer [11] is a GNN explainability approach
that trains a multilayer perceptron (MLP) to generate edge masks explaining the predictions of a
fixed, trained GNN. In our adaptation of PGExplainer, the MLP uses fixed features derived from
transformer parameters to score each edge in the component-level computation graph. These scores
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Figure 2: Edge AUROC across the 16 held-out INTERPBENCH cases. For our methods (solid box
outlines), scores are averaged over 5 random seeds within each case; capped dotted intervals beside
each box show ±1 seed-level standard deviation for each summary statistic. Corresponding seed-level
variability is unavailable for the published baselines (dashed box outlines). The highlighted GCL
configuration uses DirGNN with a GraphConv aggregator (DirGraphConv) on the directed line graph
and is the strongest of the 14 configurations evaluated on these cases (Section F). Baseline values are
taken from Figure 9 of INTERPBENCH [12].

define a sampled mask that is applied during a transformer forward pass. The MLP is trained to
preserve the clean model output. Unlike GCL, a separate explainer is fitted for each model–task case.
Figure 5 illustrates how we adapt the original method from GNN explanation to circuit localization.

4 A Benchmark for Circuit Localization Across Model–Task Pairs
Evaluating circuit-localization methods requires knowing which circuit is correct. However, to our
knowledge, there is no established way to obtain unique or provably correct ground-truth circuits
for real-world transformers (Section H). INTERPBENCH [12] addresses this challenge using realistic
semi-synthetic transformers with circuits known by construction.

Restricted Access Sequence Processing (RASP) is a domain-specific language for expressing
sequence-processing algorithms in transformer-like operations [22]. Each RASP-derived case begins
with a program whose primitives correspond to transformer operations. TRACR compiles the program
into transformer weights [23], after which Strict Interchange Intervention Training (SIIT) trains a
new transformer to preserve the same computation and ground-truth circuit while producing weight
distributions closer to those of conventionally trained models [12].

However, INTERPBENCH was designed for the per–model–task setting and contains too few pairs to
train a cross-case localizer or evaluate generalization to unseen pairs. To support cross-case learning,
we apply the same SIIT training procedure to TRACRBENCH model–task pairs [24], adding 30 pairs
to INTERPBENCH’s 84 RASP-derived pairs. We (1) retain INTERPBENCH’s 16 original evaluation
pairs as the held-out test set, (2) exclude every related pair in any group containing a test case, and (3)
use the remaining 50 pairs for grouped 5-fold cross-validation. Section D describes the added pairs
and split design in detail.

5 Preliminary Evidence and Discussion
We evaluate both methods by edge AUROC on each held-out pair in our benchmark (Section F.1).
We select from up to 18 hyperparameter settings using grouped 5-fold cross-validation on 50 cases
and average results over 5 random seeds per held-out case.

Of the 14 configurations evaluated, Figure 2 compares the best-performing setup with (1) a control
with all message-passing edges removed, (2) the adapted PGExplainer, and (3) the published INTERP-
BENCH baselines. The selected GCL configuration achieves a higher median edge AUROC (0.902)
than both the control (0.825) and PGExplainer (0.858). GCL and our adapted PGExplainer also out-
perform every published baseline in minimum AUROC, and GCL does so at the first quartile. Because
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the control retains every node and all node features, the comparison provides evidence that message
passing over the observed computation graph contributes to performance. More broadly, these results
suggest that amortized graph learning is a promising approach to circuit localization, while the
adapted PGExplainer’s performance demonstrates the feasibility of adapting graph explainability
methods to this setting. Section F provides additional experimental results and ablations.

Discussion. This preliminary study focuses on synthetic model–task pairs with known ground-
truth circuits. Its aim is not to identify the optimal graph-learning architecture, but to show that
circuit localization admits a natural graph-learning formulation and that this formulation can improve
performance in certain settings. Future work should evaluate this approach on larger, real-world
models, using metrics such as faithfulness when ground-truth circuits are unavailable [3], and explore
the broader design space of graph representations and graph-learning methods for circuit localization.
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A A Transformer as a Component-Level Directed Acyclic Graph (DAG)
In circuit localization, the computations inside a decoder-only transformer are often represented
using a different, but mathematically equivalent, reformulation of the transformer definition given
by Vaswani et al. [25]. While this formulation would be less computationally efficient if used as an
implementation, it is easier to interpret because the residual stream, through which all components
communicate, is linear [20]. The nonlinear components, such as attention heads and MLP blocks,
communicate through this residual stream via two operations: (i) each component “reads” information
from the residual stream through a projection W ∗

I , and (ii) “writes” information back into the residual
stream by adding its internal output, projected through W ∗

O (see Figure 3). The read and write
projections constrain which directions in the residual stream a component can access and modify, and
thus provide a useful geometric view of how components interact through the shared residual stream
[26, 27].

We can equivalently unroll the transformer’s residual-stream representation into a component-level
computation graph, a directed acyclic graph (DAG) in which each node is a model component and
directed edges represent possible activation pathways from upstream writes to downstream reads [4, 7]
(Figure 4). Because the residual stream is additive, every downstream component can in principle read
information written by any earlier component. This induces edges not only between adjacent layers,
but also between non-adjacent components connected through the residual stream. The resulting
component-level DAG is not intended as an efficient implementation of the transformer, but as a
faithful abstraction for reasoning about direct and mediated information flow between components.

Under this abstraction, an edge from an upstream component ∗i to a downstream component ∗j can
be associated with an effective linear map, or “virtual weight” [20]. Using column-vector notation,
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Figure 3: Residual-stream view of an n-layer decoder-only transformer. Attention heads (yellow)
and MLP blocks (pink) read from the residual stream through input projections (blue) and write
additive updates back through output projections (red).

this virtual weight is given by
W

∗j

I W ∗i

O , (2)

where W ∗i

O is the write projection of the upstream component and W
∗j

I is the read projection of the
downstream component. This virtual weight describes how directions written in the residual stream
by component ∗i are visible to the input subspace read by component ∗j . Thus, virtual weights
provide a parameter-space explanation for why edges in the component-level computation graph are
meaningful, while circuit-localization methods typically intervene on the corresponding activations
along these edges.

The virtual weight covers only the residual-stream segment between an upstream write and a down-
stream read projection; component-internal nonlinearities, such as MLP activations and attention
softmax, remain inside the nodes. Its linearity therefore requires that nothing nonlinear acts on
the residual stream between writes and reads. This holds exactly for the models studied here: all
benchmark transformers are Tracr-derived models trained with SIIT [12], and they inherit the Tracr-
compiled architecture, which contains no normalization layers [23]. In typical transformers, every
read is instead preceded by LayerNorm, whose scale and bias can be folded into the read projection
but whose per-input rescaling remains nonlinear, so virtual weights there describe write–read interac-
tions only up to an input-dependent rescaling [20]. Circuit-localization methods treat normalization
as part of the downstream component, which keeps the component-level DAG exact; only the linear
form of the edge map is specific to models without normalization layers.
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Figure 4: Component-level directed acyclic graph induced by the residual stream. Edges represent
possible residual-stream-mediated activation pathways from upstream writes to downstream reads.
Attention heads have separate query, key, and value read pathways.
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The definition of the read projection W ∗
I and write projection W ∗

O depends on the component class
of ∗. For MLPs of the general form

MLP(x) = Wouth(Winx), (3)
where arbitrary hidden layers and nonlinear activations are abstracted into h, the input matrix
Win ∈ Rdmlp×dmodel and output matrix Wout ∈ Rdmodel×dmlp act as the read and write projections,
respectively:

WMLP
I = Win, WMLP

O = Wout. (4)

Attention heads write to the residual stream through a single output projection WA
O , which plays the

same role for a head that Wout plays for an MLP, but read from the stream through three distinct
projections that form their queries, keys, and values [20, 26]. Therefore, an upstream component ∗i
can connect to a downstream attention head Aj through three distinct read pathways, governed by the
virtual weights

Value pathway: W
Aj

V W ∗i

O , (5)

Query pathway: W
Aj

Q W ∗i

O , (6)

Key pathway: W
Aj

K W ∗i

O . (7)
These read-side virtual weights should be distinguished from the standard head-internal QK and
OV circuits of the Transformer Circuits framework: under the column-vector convention used here,
W⊤
QWK determines how an attention head routes information across token positions, while WOWV

determines what information the head writes back into the residual stream [20].

Lastly, input tokens are projected into the residual stream via the embedding matrix WE ∈
Rdmodel×dvocab , and the final residual stream state is transformed back to logits via the unembedding
matrix WU ∈ Rdvocab×dmodel . All bias terms are omitted from these formulations for simplicity. For
details on folding biases into augmented weight matrices, see Ahmad et al. [28].

This component-level computation graph is the graph on which circuit-localization methods operate:
nodes are transformer components, edges are possible activation pathways between components,
and circuit localization aims to identify the sparse subset of edges that is relevant for a given model
behavior.

Because INTERPBENCH and the Mechanistic Interpretability Benchmark (MIB) formulate circuit
localization over model components and their connections, we use the corresponding component-level
computation graph in this preliminary study [3, 12]. Other graph representations are possible, such
as neuron-level graphs that treat individual neurons as nodes and their connections as edges. This
representation avoids matrix edge features and heterogeneity in node features. It is, however, a much
larger graph, which can exceed billions of edges even for a relatively small LLM. It is also directed
and carries signed edge weights. Large size, edge direction, and signed weights together make the
neuron-level graph a challenging and underexplored setting for graph learning [29–32]. We leave
the study of graph representations beyond the component-level computation graph to future work,
along with the challenges and opportunities they present for bringing graph learning to mechanistic
interpretability.

B The Graph Circuit Learning Framework in Detail
This appendix specifies the Graph Circuit Learning architectures used in our experiments. It covers
features, graph transformations, feature alignment, DirGNN and DAGformer graph learning backends,
pooling, readout, and the supervised training procedure.

For a model–task case (M, T ), let GM = (VM, EM) be the component-level computation graph
defined in Section A, and let y ∈ {0, 1}|EM| be its ground-truth circuit mask. All architecture
variants use the same raw feature construction and produce one logit for each edge in the original
order of EM. They differ in their transformed graph, graph-learning architecture, and connectivity
condition.

B.1 Features

A task T supplies a collection of clean–corrupted prompt pairs (xb, x′
b). Let BT denote the clean–

corrupted prompt pairs used to construct features for a model–task case. For each pair b ∈ BT , let

12
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Pb be the output positions where the benchmark compares the model’s output with the task-specific
target, and let c = (b, p) denote the context for prompt pair b at position p. The component-level
computation graph and ground-truth mask are fixed within a model–task case, whereas the activations
and gradients vary across contexts. The implementation encodes each context (b, p) separately and
pools the resulting edge representations only after graph learning.

Separate clean and corrupted forward passes provide component activations. A backward pass on
the clean computation provides gradients of a task-specific scalar feature-extraction loss, denoted by
ℓfeatT , specified by the benchmark for each model–task pair. The feature extractor uses KL divergence
for tasks with discrete answer distributions, L1 loss for floating-point targets, and, for tasks whose
batches expose only class labels rather than full target distributions, the benchmark’s logit-difference
loss. For component v, let aclv,c and acov,c denote its clean and corrupted vectors at that component’s
input or output interface, and let

gv,c = ∇aclv,c
ℓfeatT (8)

denote the corresponding clean-computation gradient. For each component, we use the vector at the
part of the computation represented by that component: attention writers use the per-head vector
before the output projection, attention readers use the query, key, or value vector, MLP writers use
the hidden vector after the nonlinearity, and MLP readers use the vector before the nonlinearity.

The forward pass records component states rather than a separate vector for every edge in the
component-level computation graph. For an edge e = (s, t), the map from the source component’s
vector to that edge’s contribution to the target component’s input is

We = W t
IW

s
O, We : Rds → Rdt , (9)

under the column-vector convention of Section A. The implementation retains the corresponding read
and write factors and applies them successively, so it does not need to materialize every dense matrix
We. The clean and corrupted pathway messages are

mcl
e,c = Wea

cl
s,c, mco

e,c = Wea
co
s,c. (10)

These are the clean and corrupted edge messages denoted by zcle and zcoe in Figure 1a.

To calculate the clean gradient for each edge, we represent the target component’s input by the sum
of clean messages from its incoming edges, ulin

t,c =
∑
e′=(s′,t) m

cl
e′,c. Since each clean message

contributes additively, ∂ulin
t,c/∂m

cl
e,c = I and

∇mcl
e,c
ℓfeatT = gt,c. (11)

To express this gradient with respect to the source component’s vector, we compute

g̃e,c = W⊤
e gt,c. (12)

The gradient gt,c is the same for all edges entering t, whereas g̃e,c also depends on the map We for
that edge.

For graph learning, we use the following six features for every edge e = (s, t) and each context c:

acls,c, acos,c, gt,c, mcl
e,c, mco

e,c, g̃e,c. (13)

The first three vectors are the source component’s clean state, corrupted state, and the gradient at the
target component. The final three are the clean and corrupted contributions along the edge and the
target gradient mapped back through that edge’s linear map.

These features have a simple transformation law under a compatible reparameterization of the
transformer by a change of basis at each component interface, following the general parameter-space
symmetries studied for neural networks and transformers [9, 33]. Let Av be the invertible change
of coordinates for component v. If states transform as av,c 7→ Avav,c and gradients transform as
gv,c 7→ A−⊤

v gv,c, then the edge operator transforms as We 7→ AtWeA
−1
s for e = (s, t). The six

features therefore transform as

acls,c, a
co
s,c 7→ Asa

cl
s,c, Asa

co
s,c, gt,c 7→ A−⊤

t gt,c,

mcl
e,c,m

co
e,c 7→ Atm

cl
e,c, Atm

co
e,c, g̃e,c 7→ A−⊤

s g̃e,c.
(14)
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Thus, the feature vectors are covariant representations of component coordinates. Their covariant
roles make basis-invariant scalar combinations available:

g⊤t,cm
cl
e,c = g̃⊤e,ca

cl
s,c, g⊤t,cm

co
e,c = g̃⊤e,ca

co
s,c. (15)

The graph learner could learn to use such invariant combinations from the raw features.

The next subsection describes the two graph transformations that place these features on graph nodes.

B.2 Graph Transformations

Because the prediction target is an edge mask, both transformations produce one classifiable object for
every original component-level edge. Let ē denote the transformed node corresponding to e ∈ EM.
The two transformations expose different relationships among these candidate pathways.

Both transformations are equivariant to a consistent reindexing of the component-level computation
graph. For a component reindexing σ, the induced edge reindexing maps e = (s, t) to σ(e) =

(σ(s), σ(t)). The directed line graph then maps ē to σ(e). The incidence graph maps component
node v to σ(v) and edge node ē to σ(e). In each case, the transformed adjacency, relation types,
attached features, and circuit labels are relabeled in the same way.

Directed line graph. The directed line graph [13] has node set

VL = {ē : e ∈ EM}. (16)

For e1 = (s1, t1) and e2 = (s2, t2), the implementation treats e1 and e2 as composable if either
t1 = s2 or t1 is an internal read node and s2 is the corresponding write node of the same attention
head or MLP block. The second case is required because the component-level computation graphs
in INTERPBENCH represent an attention head’s query, key, or value read separately from its output
write, and likewise represent an MLP’s input read separately from its output write. Writing this
implemented relation as e1 ≺ e2, the directed line-graph adjacency is

Eobs
L = {(ē1, ē2) : e1 ≺ e2}. (17)

Thus, the directed line graph has |EM| nodes, and circuit localization becomes binary node classifi-
cation.

Incidence graph. The incidence graph [14, 15] retains the original component-level nodes as nodes
while adding one node for each original component-level edge:

VI = VM ∪̇ {ē : e ∈ EM}. (18)

The incidence graph has three families of directed edges that encode the source, target, and next
relations:

s
source−−−−→ ē, ē

target−−−−→ t, ē1
next−−−→ ē2 when e1 ≺ e2, (19)

for every e = (s, t). Only the component-level edge nodes ē receive circuit labels and enter the final
readout. Component-level nodes carry component-level features and provide intermediate states
through which incident edges can exchange information. Writing n = |VM| and m = |EM|, the
incidence graph representation has n+m objects and 2m+ |Eobs

L | directed edges.

Both transformations place the six features on graph nodes. In the directed line graph, each component-
level edge becomes a graph node and receives all six vectors. In the incidence graph, each edge node
receives the final three vectors, while each original component node v receives the component-indexed
counterparts of the first three vectors evaluated at v itself, namely its clean state aclv,c, its corrupted
state acov,c, and its own gradient gv,c.

B.3 Feature Alignment

The six features described in the previous section naturally have variable widths and semantics
as different transformers typically have different hidden dimensions and learn different hidden
representations. We therefore use a feature alignment module, adapted from the official TabPFN
implementation [16], to map every feature to a fixed-width representation of dimension dalign.
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Let
q(ρ) =

(
q
(ρ)
1 , . . . , q

(ρ)
dρ

)
∈ Rdρ (20)

be a feature vector with role ρ and coordinate identifiers κ1, . . . , κdρ . Each scalar becomes one
fixed-width feature token

z
(ρ)
j = Avalq

(ρ)
j + bval + cψ(κj) + r(ρ). (21)

Here, Avalq
(ρ)
j + bval is a learned scalar-value projection and r(ρ) is a learned role embedding. The

coordinate embedding cψ(κj) assigns each graph-wide coordinate identifier a Gaussian random
vector and maps that random vector into a fixed-dimensional space through a trainable projection.
The six role embeddings r(ρ), one for each of the six features, are learned from random initialization.
A summary token is appended to the feature-token sequence, and its transformed representation is the
fixed-width aligned representation for that feature:

Fψ

(
q(ρ); ρ,κ

)
∈ Rdalign . (22)

B.4 Graph Learning Models

For each graph node v and context c = (b, p), let ϕv,c denote the fixed-width representation formed
by aligning and concatenating the features attached to that node, using zeros where a feature is absent.
Let ḠM denote the selected graph representation, either a directed line graph or an incidence graph.
For each context c = (b, p), the graph learner processes one copy of ḠM with its context-specific
features and returns one hidden state for every graph node:

{hv,b,p}v∈V (ḠM) = GraphLearnerθ

(
ḠM, {ϕv,b,p}v∈V (ḠM)

)
. (23)

The parameters are shared across edges, clean–corrupted prompt pairs, positions, graph sizes, and
training cases.

DirGNN. Our first graph learning backend uses PyTorch Geometric’s [34, 35] DirGNN [17] con-
struction with a GraphConv aggregator [36], which Figure 2 and Table 4 abbreviate as DirGraphConv.
It additively aggregates incoming neighbors in the observed direction and in the reversed direction,
and combines the two neighbor results with equal weight α = 0.5. Following the block design of
Scalable Message Passing Neural Networks [37], each layer applies the directed graph-convolution
update and a per-node feed-forward transformation in separate pre-LayerNorm residual branches,
with SiLU activations and learned residual scales.

DAGformer. Our second graph learning backend uses DAGformer, a transformer design for
directed acyclic graphs [18]. For each graph node, the attention calculation considers only the nodes
permitted by the selected graph’s directed edges. It assigns weights to those connected nodes using
dot products and a softmax, and does not use information from any other graph nodes.

We evaluate a factorized variant of DAGformer in three graph settings: the graph’s original directed
edges, no message-passing edges, and a complete directed acyclic graph in which every earlier node
in a topological order is connected to every later node. We use this factorized variant rather than
the quadratic variant for this complete graph because it makes the resulting all-to-all predecessor
attention tractable. It approximates softmax attention with random features, following Performer [38]
and related linear-attention methods [39]. Rather than calculate attention scores separately along
the directed edges that enter each node, it maps queries and keys through a fixed random projection
and combines the corresponding keys and values across those incoming edges. For each attention
head and graph node i, let P (i) denote the nodes permitted to send information to i. Written in the
standard linear-attention convention, in which the output is a row vector rather than the column vector
of Section A, the attention output is

oi =


φq(qi)

⊤
(∑

j∈P (i) φk,P (i)(kj)v
⊤
j

)
φq(qi)⊤

(∑
j∈P (i) φk,P (i)(kj)

) , P (i) ̸= ∅,

0, P (i) = ∅.

(24)
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Here, φq and φk,P (i) are the query and key feature maps; the key map is normalized separately
over P (i) for numerical stability. Both feature maps add a fixed positive constant to every random
feature, so the denominator is strictly positive whenever P (i) is nonempty. The second case is
stated separately because P (i) can be empty under each of the three connectivity conditions, and the
implementation returns exactly zero at such nodes without evaluating the ratio. When we keep the
graph’s original directed edges, P (i) contains every node with an edge into i, and P (i) is empty at
every node with no incoming edge. In the complete directed acyclic graph, P (i) contains every node
earlier than i in a topological order, and the two sums are updated while traversing that order rather
than materializing every edge from an earlier node to a later node; P (i) is empty at the first node of
that order. In the control with all message-passing edges removed, we keep the graph nodes and all of
their features but remove every directed edge, so P (i) is empty at every node. Each node’s attention
output is then zero, and the layer reduces to a transformation applied separately to each node. This
control therefore measures the value of message passing on the observed graph.

B.5 Pooling, Readout, and Training

After graph learning, we obtain a representation he,b,p for every edge e ∈ EM, retained clean–
corrupted prompt pair b, and output position p ∈ Pb. For either graph transformation, he,b,p is the
state of the graph node associated with e.

We use Deep Sets [19] to pool the context-specific representations for each edge. We first pool
representations across the output token positions where the benchmark compares the model’s output
with the task-specific target, then pool the result across the clean–corrupted prompt pairs used to
construct the features. We write hi,e for the representation of edge e in case i after both pooling
stages.

A shared linear readout maps each pooled edge representation to one circuit-membership logit

ℓi,e = w⊤
outhi,e + bout, ŷi,e = σ(ℓi,e). (25)

For training case i, let Ci ⊆ EMi
be the set of edges in the ground-truth circuit. For each edge

e ∈ EMi
, let yi,e = 1 when e ∈ Ci and yi,e = 0 otherwise. Let mi = |EMi

|, ncircuit
i = |Ci|, and

nother
i = |EMi

\ Ci|, and define

wcircuit
i = max

(
1,

nother
i

max(ncircuit
i , 1)

)
. (26)

The implemented binary cross-entropy-with-logits objective can equivalently be written as

Li = − 1

mi

∑
e∈EMi

[
wcircuit
i yi,e log σ(ℓi,e) + (1− yi,e) log (1− σ(ℓi,e))

]
. (27)

The mean is therefore taken over all computation-graph edges in the current case, and edges in the
ground-truth circuit receive extra weight only when they are fewer than the other edges.

C Adapting PGExplainer to Circuit Localization
Figure 5 illustrates our adaptation of PGExplainer [11] from its original GNN explainability applica-
tion to circuit localization.

D An Augmented INTERPBENCH Benchmark for Circuit Localization Across
Model–Task Pairs

D.1 Creating Additional Model–Task Pairs

TRACRBENCH pairs RASP programs with input–output examples for sequence-processing tasks [24].
It does not provide the low-level transformers trained with Strict Interchange Intervention Training
(SIIT) or the query/key/value-separated connection masks required by our INTERPBENCH-based
circuit-localization setting. For each candidate task, we compile its RASP program with TRACR to
obtain a high-level transformer and its ground-truth circuit. We then train a corresponding low-level
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Solid arrows show the calculation. Dashed arrows show how the MLP is trained.

Figure 5: Comparison of the original PGExplainer procedure and our adaptation to circuit localization.
In the upper panel, PGExplainer [11] scores each graph edge using representations produced by
a trained GNN for the edge’s two endpoint nodes. In the lower panel, our adaptation scores each
computation-graph edge using a fixed representation of its associated linear transformation. In
both settings, the scores define a sampled edge mask applied while the fixed predictor runs. In the
transformer adaptation, masking an edge replaces its contribution with the corresponding corrupted
activation. Ground-truth circuit annotations are not used to fit an individual explainer.

transformer through INTERPBENCH’s SIIT procedure so that it implements the same computation
while matching INTERPBENCH’s architectural conventions and producing parameter distributions
closer to those of conventionally trained models. We convert the resulting ground-truth circuit to the
same query/key/value-separated connection-level definition used for INTERPBENCH cases.

We reload each trained transformer from its saved weights and check that it reproduces the source
program’s behavior on held-out inputs. We exclude candidates whose programs do not compile
or whose trained transformers fail this reconstruction check. Of the 48 additional candidate pairs
constructed in this way—the model–task pairs from TRACRBENCH that do not already appear in
INTERPBENCH—30 pass both the behavior and the compilation checks and form the additional pool
reported in Section 4.

D.2 Training and Evaluation Splits That Limit Leakage Across Model–Task Pairs

To test whether methods transfer to new model–task pairs, we keep related pairs on the same side of
each training and evaluation split. We treat two model–task pairs as related when they match under at
least one of the following checks:

1. RASP program templates. After standardizing function, helper, argument, and local names;
removing docstrings, decorators, annotations, and type comments; and replacing string and
numeric literal values with placeholders, two pairs match when their program templates are
identical.

2. Exact ground-truth circuits. Two pairs match when their ground-truth circuits contain the
same named model components, including components with no circuit connection, and the same
directed component edges labeled as part of the circuit.
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3. Circuit structure. When two circuits are not exact matches, we use directed graph isomorphism.
Two pairs match when their circuit graphs can be put into one-to-one correspondence while
preserving edge directions and broad component categories, but ignoring individual component
names.

We treat these matches as transitive, so any two pairs joined by a sequence of matches belong to the
same group.

We apply this split to 114 model–task pairs—84 INTERPBENCH pairs and the 30 additional pairs
described in Section D.1. INTERPBENCH also contains two indirect-object-identification cases (IOI
and IOI next-token), which are implemented directly as transformer models rather than compiled
from RASP programs. We use neither, so 84 of its 86 model–task pairs enter the pool. We reserve
the same 16 model–task pairs on which INTERPBENCH evaluated its circuit-localization baselines
as our held-out test set. We then remove every group that contains a test pair, which discards 48
further pairs. These include one pair that uses the same program as a test pair and differs from it
only in its vocabulary and maximum sequence length, so the first check places the two in the same
group. The remaining 50 model–task pairs form 31 groups. We use them for 5-fold cross-validation,
assigning each group as a whole to one validation fold and using the other four folds for training.
Table 1 reports the size of each fold and of the held-out test set, how many of their pairs come from
INTERPBENCH and from TRACRBENCH, and how many groups of related pairs each contains.

Table 1: Model–task pairs used for 5-fold cross-validation and the held-out test set. Each validation
fold is used once for validation, while the other four folds are used for training.

Subset Model–task pairs Original INTERPBENCH pairs TRACRBENCH-derived pairs Groups of related pairs

Cross-validation pool 50 26 24 31
Validation fold 0 11 7 4 6
Validation fold 1 11 4 7 6
Validation fold 2 10 3 7 6
Validation fold 3 9 6 3 6
Validation fold 4 9 6 3 7
Held-out test set 16 16 0 10

Tables 2 and 3 describe the component-level computation graphs and ground-truth circuits represented
in the cross-validation pool and held-out test set, in terms of their numbers of nodes and edges.

The three checks above keep the specific kinds of program and circuit similarity they identify from
crossing between the held-out test set and the cross-validation pool. They do not give a complete
theoretical account of when two model–task pairs should be treated as related; developing one is an
important direction for future work.

Table 2: Sizes of the component-level computation graphs in each validation fold and in the held-out
test set. Each “median [Q1–Q3]” entry gives the median and the interval from the first to the third
quartile across the model–task pairs in that row. Each “min–max” entry gives the full range across
the same pairs.

Number of component nodes Number of directed component edges
Set Median [Q1–Q3] Min–max Median [Q1–Q3] Min–max

Fold 0 (n = 11) 38 [38–56] 38–74 110 [110–262] 110–479
Fold 1 (n = 11) 56 [56–56] 56–128 262 [262–262] 262–1520
Fold 2 (n = 10) 38 [38–38] 38–74 110 [110–110] 110–479
Fold 3 (n = 9) 38 [38–56] 38–56 110 [110–262] 110–262
Fold 4 (n = 9) 38 [38–56] 38–110 110 [110–262] 110–1108
Held-out test set (n = 16) 38 [38–38] 38–74 110 [110–110] 110–479

E Shared-Target Edge Interactions
Here, we motivate the graph-based design of GCL through an analysis of pairwise edge interactions.
We first define interactions between arbitrary edge interventions. We then consider the specific case
of two edges entering the same component input, derive an exact expression for their interaction, and
obtain a local second-order approximation. Finally, we discuss the scope of the result and explain
how the graph constructions expose the relevant edge relationships.
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Table 3: Sizes of the ground-truth circuits in each validation fold and in the held-out test set. Each
“median [Q1–Q3]” entry gives the median and the interval from the first to the third quartile across
the model–task pairs in that row. Each “min–max” entry gives the full range across the same pairs.

Number of circuit nodes Number of circuit edges
Set Median [Q1–Q3] Min–max Median [Q1–Q3] Min–max

Fold 0 (n = 11) 5 [5–13] 5–17 3 [3–9] 3–10
Fold 1 (n = 11) 13 [13–15] 13–28 9 [9–10] 9–22
Fold 2 (n = 10) 7 [2–11] 2–23 5 [1–7.25] 1–17
Fold 3 (n = 9) 8 [6–14] 4–18 4 [4–9] 3–12
Fold 4 (n = 9) 9 [6–11] 6–34 6 [4–6] 3–26
Held-out test set (n = 16) 2 [2–8] 2–14 1 [1–5.75] 1–16

E.1 Pairwise Edge Interactions

Circuit-localization methods commonly assign one scalar importance score to each edge. Such scores
may contain contextual information, but they do not explicitly represent whether the effect of one
edge intervention depends on another.

Fix a clean–corrupted prompt pair (x, x′) ∼ T . For a set of jointly patched edges S ⊆ EM, let
y(S) ∈ {0, 1}|EM| denote the mask with y

(S)
e = 0 if e ∈ S and y

(S)
e = 1 otherwise. Using the

masked task metric defined in Section 2, the signed effect of jointly patching these edges is

δS = LT

(
M, x, x′;y(S)

)
− LT

(
M, x, x′;1

)
. (28)

For two edges, we define their interaction as the difference between their joint effect and the sum of
their individual effects:

I(e1, e2) = δ{e1,e2} − δ{e1} − δ{e2}. (29)

If I(e1, e2) = 0, the joint intervention effect equals the sum of the individual effects. A nonzero
value indicates that the effect of patching one edge changes when the other edge is patched as well.

Such non-additivity can arise through different mechanisms. For composable edges, patching a
downstream edge may overwrite or screen off an effect propagated from an upstream intervention.
For causally parallel edges, neither intervention changes the message naturally produced by the
other, but their effects may still interact through subsequent nonlinear computation. We analyze a
particularly clear parallel setting in which two messages are added at the same component input.

E.2 Interactions at a Shared Read Input

Fix a token position p in the prompt pair (x, x′). Consider two edges

e1 = (s1, t), e2 = (s2, t) (30)

whose messages enter the same read input of component t at this position. For each edge ei, let

∆mei,p = mco
ei,p −mcl

ei,p (31)

denote the change in its transmitted message under patching. The construction of these messages is
described in Section B.1.

Because both messages enter the same read input, the clean input to component t can be written as

ucl
t,p = mcl

e1,p +mcl
e2,p + rclt,p, (32)

where rclt,p contains all remaining contributions to this input. This decomposition assumes that
the read-side transformations represented by the component-level computation graph are included
consistently in the edge messages. Any remaining read-side nonlinearity is treated as part of the
downstream computation.

Patching e1, e2, or both therefore changes the shared input to

ucl
t,p +∆me1,p, ucl

t,p +∆me2,p, ucl
t,p +∆me1,p +∆me2,p, (33)

respectively. This setting is mathematically convenient because the two interventions are fixed
additive changes to the same variable.
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To isolate the consequences of changing this shared input, let Lt,p(u) denote the task metric obtained
by replacing the read input of component t at position p by u and continuing the downstream
computation normally. Thus, Lt,p is the original task metric viewed as a function of one internal
model input.

Let Ip(e1, e2) denote the interaction between the corresponding interventions localized to position p.
Ip is the analogue of Equation (29) for interventions restricted to the position-p read input; patching
an edge in Equation (29) changes read inputs at every position, so we study the position-localized
quantity directly rather than deriving it from I . Using the three possible patched inputs above, this
interaction is:

Ip(e1, e2) = Lt,p
(
ucl
t,p +∆me1,p +∆me2,p

)
− Lt,p

(
ucl
t,p +∆me1,p

)
− Lt,p

(
ucl
t,p +∆me2,p

)
+ Lt,p

(
ucl
t,p

)
. (34)

This expression measures how far the joint effect of the two message changes differs from the sum of
their individual effects.

We assume that Lt,p is twice continuously differentiable in a neighborhood containing the intervention
surface defined in Equation (41) and that its Hessian is locally Lipschitz. Next, we derive an exact
Hessian representation of Equation (34), from which the local approximation in Proposition E.1
follows.

E.3 Exact Interaction Identity

For compactness, let
d1 = ∆me1,p, d2 = ∆me2,p, u0 = ucl

t,p. (35)
We interpolate the strength of the two interventions independently using s, r ∈ [0, 1] and define

Ψ(s, r) = Lt,p (u0 + sd1 + rd2) . (36)
The four corners of this intervention surface represent the clean computation, the two individual
interventions, and the joint intervention:

Ψ(0, 0) = Lt,p(u0), (37)
Ψ(1, 0) = Lt,p(u0 + d1), (38)
Ψ(0, 1) = Lt,p(u0 + d2), (39)
Ψ(1, 1) = Lt,p(u0 + d1 + d2). (40)

It follows from Equation (34) that
Ip(e1, e2) = Ψ(1, 1)−Ψ(1, 0)−Ψ(0, 1) + Ψ(0, 0). (41)

Applying the fundamental theorem of calculus with respect to r gives

Ψ(1, 1)−Ψ(1, 0) =

∫ 1

0

∂Ψ

∂r
(1, r) dr, (42)

Ψ(0, 1)−Ψ(0, 0) =

∫ 1

0

∂Ψ

∂r
(0, r) dr. (43)

Subtracting these expressions and applying the fundamental theorem of calculus with respect to s
yields

Ip(e1, e2) =

∫ 1

0

∫ 1

0

∂2Ψ

∂s ∂r
(s, r) ds dr. (44)

By the chain rule,
∂2Ψ

∂s ∂r
(s, r) = d⊤1 ∇2

uLt,p (u0 + sd1 + rd2) d2. (45)

Consequently, the interaction has the exact representation

Ip(e1, e2) =

∫ 1

0

∫ 1

0

d⊤1 ∇2
uLt,p (u0 + sd1 + rd2) d2 ds dr. (46)

The finite interaction is therefore determined by the mixed curvature of the task metric over the
complete two-intervention surface. This exact identity also shows why the two edges must be
considered jointly: the relevant term depends on both intervention directions d1 and d2.
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E.4 Local Approximation

The exact identity depends on the Hessian throughout the intervention surface. For sufficiently small
message changes, this Hessian can be approximated by its value at the clean read input. Define

Qt,p = ∇2
uLt,p

(
ucl
t,p

)
. (47)

The matrix Qt,p describes how the sensitivity of the task metric changes locally when the shared read
input of component t is varied.

The following proposition states that the leading local pairwise interaction is obtained by applying
this curvature to the two message changes.
Proposition E.1 (Shared-target edge interactions). If the intervention surface remains within a
neighborhood on which the Hessian of Lt,p is Lipschitz, then

Ip(e1, e2) = ∆m⊤
e1,pQt,p∆me2,p +O

(
(∥∆me1,p∥+ ∥∆me2,p∥)

3
)
. (48)

The proposition has a direct interpretation. The first term measures whether the downstream com-
putation responds differently when the two incoming messages are changed together rather than
separately. If this term is nonzero, the leading local interaction is second-order and depends on the
identities of both incoming edges.

Proof. From Equation (46),

Ip(e1, e2) =

∫ 1

0

∫ 1

0

d⊤1 ∇2
uLt,p (u0 + sd1 + rd2) d2 ds dr. (49)

Because the Hessian is Lipschitz on the intervention surface,

∇2
uLt,p (u0 + sd1 + rd2) = Qt,p +O(s∥d1∥+ r∥d2∥) . (50)

Substituting this expression into the exact identity gives

Ip(e1, e2) =

∫ 1

0

∫ 1

0

d⊤1 Qt,pd2 ds dr

+O(∥d1∥∥d2∥ (∥d1∥+ ∥d2∥)) . (51)

The leading integrand is constant in s and r, so∫ 1

0

∫ 1

0

d⊤1 Qt,pd2 ds dr = d⊤1 Qt,pd2. (52)

Furthermore,
∥d1∥∥d2∥ (∥d1∥+ ∥d2∥) = O

(
(∥d1∥+ ∥d2∥)3

)
. (53)

Restoring the original notation proves Equation (48).

If the mixed second-order term in Equation (48) is nonzero, it is the leading local interaction. If it
vanishes, the leading interaction may occur at third or higher order. For larger message changes, the
exact identity in Equation (46) remains valid, but the clean-point Hessian may no longer provide an
accurate approximation.

The smoothness assumption makes Proposition E.1 a conditional local illustration rather than a
general statement. It does not apply directly at ReLU-style kinks, or to L1, argmax, and other
nonsmooth or discrete task metrics. The finite-difference definition in Equation (34) needs no such
assumption and remains meaningful in those cases.

E.5 Implications for Circuit Localization and Graph Learning

Proposition E.1 shows that the first potentially nonzero local interaction between two edges entering
the same read input is second-order. The matrix Qt,p describes how the downstream computation
responds nonlinearly to changes in the shared read input. It depends on the shared read input,
token position, and downstream computation, but not on the particular pair of incoming edges. The
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pair-specific information is instead contained in the message changes ∆me1,p and ∆me2,p. This
structure is well suited to parameter sharing: a GNN can apply a common update rule across the
graph while adapting its output to the features, shared components, and neighborhoods of individual
edges. The learner can therefore reuse interaction patterns across edge pairs, computation graphs,
and model–task cases.

Vanilla EAP estimates edge importance using a first-order Taylor approximation around the clean
computation and therefore does not include this explicit mixed term [1]. EAP-IG can incorporate
curvature and higher-order effects by evaluating gradients between corrupted and clean inputs, but
allocates these effects among scalar edge scores rather than identifying interactions between particular
pairs [2]. The Integrated Hessians method instead attributes pairwise feature interactions explicitly
through mixed derivatives [40].

This distinction matters when an edge interacts with one pathway but not another, or when multiple
pathways are redundant. Redundant OR-like mechanisms may be only partially recovered by standard
circuit-discovery procedures [41]. Related dependencies appear in backup behavior and self-repair
[42–44], as well as in copy suppression, whose effect depends on information written by earlier
components [45]. These phenomena are not direct instances of Proposition E.1, but they demonstrate
more generally that pathway relevance can depend on the surrounding computation.

A graph learner provides a direct mechanism for modeling such dependencies by exchanging rep-
resentations between computationally related edges. The directed line graph and incidence graph
expose these relationships differently. Composable edges are directly adjacent in the directed line
graph. However, two edges entering the same target do not compose and are therefore not directly
adjacent. If their shared target t has an outgoing edge e3 = (t, u), the directed line graph contains

ē1 → ē3, ē2 → ē3. (54)

With bidirectional message passing, information can travel between the incoming edges through ē3 in
two message-passing steps.1 In the incidence graph, both incoming edge nodes are incident to their
shared component node t. With bidirectional propagation over the incidence relations, information
can travel along

ē1 → t → ē2 (55)

in two message-passing steps.

Once both edge representations lie within the same receptive field, the graph learner can condition
the prediction for one edge directly on the observed features of the other. Thus, the graph structure
provides an inductive bias by restricting this exchange to computationally related pathways rather
than treating every possible pair of transformer edges as equally relevant.

F Additional Experimental Details, Results, and Ablations
Our implementation is openly available at https://github.com/graph-learning-circuits/
graph-learning-circuits.

F.1 Additional Experimental Details

Here, we explain how we evaluate each method on the 16 held-out model–task pairs and how we
choose hyperparameters and training duration using the cross-validation pool of 50 model–task pairs.
See Section 4 for a description of the benchmark pairs

We evaluate circuit recovery separately on each held-out pair. Two score granularities are involved:
GCL assigns separate scores to the query, key, and value input connections of each attention head
because they represent distinct computational pathways, whereas INTERPBENCH evaluates these
pathways at the level of the parent attention head. During training and validation, our binary cross-
entropy (BCE) loss and AUROC operate at the query/key/value-connection level. For held-out
evaluation, we apply the score-level equivalent of the official INTERPBENCH head-promotion rule.
Specifically, each head-level connection receives the maximum of its corresponding query, key, and

1DirGNN aggregates along both directions and can realize this exchange. DAGformer variants attend only
along the directed edges, so under the observed connectivity the two incoming edge representations do not reach
one another.
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value input-connection scores. We compute AUROC on these converted scores for comparability
with the baselines reported by INTERPBENCH. Held-out results are averaged over 5 seeds within
each model–task pair and then summarized across the 16 pairs.

For each GCL configuration, we compare a grid of 18 hyperparameter settings using grouped 5-fold
cross-validation. For every setting and fold, we train on the other 4 folds and record validation
AUROC on the remaining fold at regular intervals. Validation AUROC scores the query, key, and
value input connections directly, without the head-level conversion used for held-out evaluation.
Some settings did not complete all 5 folds because of out-of-memory errors, so the number of settings
eligible for selection ranges from 9 to 18 across the 14 configurations. We score each completed
setting at every training step where all 5 folds have a validation measurement, using a weighted
average of the 5 per-fold scores. The weight of each fold is the number of groups of related cases
it contains (Section D.2). We select the setting and training duration that jointly maximize this
weighted average, breaking ties in favor of the earlier step. With the selected setting and duration, we
reinitialize the predictor and train it on all 50 model–task pairs using 5 random seeds.

For every model–task pair and random seed, our PGExplainer adaptation fits a newly initialized MLP
using only that pair’s prompts and model outputs. To choose hyperparameters, we compare a grid of
18 settings using the same grouped 5-fold cross-validation procedure as for GCL. The ground-truth
circuit masks of the 50 cross-validation pairs score the candidate settings but never enter an individual
fit. With the selected setting, we fit the adaptation separately on each of the 16 held-out model–task
pairs using 5 random seeds, and their ground-truth masks are used only for evaluation.

F.2 Additional Experimental Results and Ablations

Table 4 reports cross-validation selection scores and held-out edge-AUROC summaries for the 14
GCL configurations, our PGExplainer adaptation, and the published INTERPBENCH baselines. We
chose the configuration highlighted in Figure 2 after evaluating all 14 on the held-out cases. Its
median of 0.902 is the best result we observed, not one we could have predicted in advance, and
should be read as a post-selection estimate. Cross-validation ranks this configuration second of the 14.
Selecting on cross-validation scores alone would have chosen the DirGNN incidence-graph variant,
whose held-out median is 0.876.

G Computational Costs
We use the standard work–span model of parallel complexity [46]. For a method X , WX is its total
work in terms of the total amount of computation required, and SX is its span in terms of the number
of sequential steps along the longest chain of dependencies.

We compare the work and span required to localize a circuit for one new model–task pair. For Graph
Circuit Learning (GCL), this is its amortized inference cost after the shared predictor has been trained.
We omit the cost of model selection or predictor training.

Let (Wfeat, Sfeat) be the fixed GCL feature construction for one pair, and let (Wpred, Spred) be
feature alignment, graph transformation, one trained-predictor evaluation, pooling, and readout. Let
WEAP be the work of one EAP calculation. Wfeat and WEAP have the same asymptotic order of
target-model work for matched support sizes, because each runs a fixed number of forward and
backward passes of the target model per prompt pair. Thus, GCL has per-pair costs:

(WGCL, SGCL) = (Wfeat +Wpred, Sfeat + Spred) . (56)

EAP contracts its attribution quantities directly into edge scores [1], whereas GCL adds the predictor
cost in Equation (56). Therefore, we do not claim a target-model-cost advantage over EAP.

EAP-IG averages EAP attribution across K evaluation points along the path from corrupted to
clean activations, including the endpoints [2]. Let (WIG,pre, SIG,pre) and (WIG,reduce, SIG,reduce)
be its shared preprocessing and final reduction costs, respectively. Writing (Wk, Sk) for the cost at
integration point k, its work and ideal parallel span are

WIG = WIG,pre +

K∑
k=1

Wk +WIG,reduce,

Sparallel
IG = SIG,pre +max

k
Sk + SIG,reduce, SIG,reduce = O(logK).

(57)
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Cross-validation Held-out test

Method Graph transformation Connectivity Mean AUROC Min. Q1 Median Q3 Max.

Graph Circuit Learning
Factorized DAGformer Line Observed 0.890 0.605 ± 0.033 0.771 ± 0.022 0.849 ± 0.014 0.962 ± 0.003 0.988 ± 0.006
Factorized DAGformer Line No message-passing edges 0.884 0.525 ± 0.062 0.710 ± 0.027 0.833 ± 0.011 0.924 ± 0.027 0.992 ± 0.007
Factorized DAGformer Line Complete DAG 0.912 0.606 ± 0.045 0.820 ± 0.031 0.871 ± 0.015 0.922 ± 0.012 0.963 ± 0.006
Factorized DAGformer Incidence Observed 0.910 0.699 ± 0.019 0.816 ± 0.017 0.887 ± 0.018 0.914 ± 0.023 0.965 ± 0.010
Factorized DAGformer Incidence No message-passing edges 0.819 0.380 ± 0.098 0.490 ± 0.132 0.506 ± 0.136 0.546 ± 0.135 0.638 ± 0.103
Factorized DAGformer Incidence Complete DAG 0.914 0.574 ± 0.091 0.806 ± 0.025 0.872 ± 0.019 0.915 ± 0.017 0.965 ± 0.017
DirGraphConv Line Observed 0.943 0.712 ± 0.009 0.861 ± 0.015 0.902 ± 0.011 0.942 ± 0.008 0.996 ± 0.005
DirGraphConv Line No message-passing edges 0.883 0.557 ± 0.045 0.741 ± 0.009 0.825 ± 0.012 0.964 ± 0.015 0.992 ± 0.004
DirGraphConv Incidence Observed 0.949 0.748 ± 0.012 0.824 ± 0.008 0.876 ± 0.018 0.936 ± 0.005 0.996 ± 0.005
DirGraphConv Incidence No message-passing edges 0.833 0.628 ± 0.020 0.760 ± 0.018 0.846 ± 0.007 0.961 ± 0.021 0.990 ± 0.006
Quadratic DAGformer Line Observed 0.899 0.675 ± 0.038 0.788 ± 0.033 0.831 ± 0.023 0.922 ± 0.027 0.976 ± 0.006
Quadratic DAGformer Line No message-passing edges 0.883 0.504 ± 0.033 0.718 ± 0.011 0.825 ± 0.026 0.919 ± 0.014 0.992 ± 0.004
Quadratic DAGformer Incidence Observed 0.908 0.623 ± 0.052 0.802 ± 0.033 0.879 ± 0.035 0.916 ± 0.034 0.976 ± 0.008
Quadratic DAGformer Incidence No message-passing edges 0.819 0.677 ± 0.201 0.716 ± 0.073 0.821 ± 0.060 0.884 ± 0.066 0.898 ± 0.056

GNN explainer
PGExplainer 0.732 0.668 ± 0.041 0.743 ± 0.026 0.858 ± 0.011 0.986 ± 0.004 0.998 ± 0.000

Published INTERPBENCH baselines
ACDC — 0.441 0.839 0.959 0.987 1.000
EAP-IG — 0.412 0.766 0.910 0.987 1.000
Edge-wise Subnetwork Probing — 0.314 0.764 0.884 1.000 1.000
Node-wise Subnetwork Probing — 0.157 0.678 0.852 0.928 0.971
EAP — 0.000 0.000 0.000 0.393 0.990

Table 4: Cross-validation selection scores and edge-AUROC summaries across the 16 held-out test
cases. The cross-validation column is the selection score defined in Section F.1, computed on the
50 pairs from a single seed, so it carries no interval. It scores at the connection level, where an
attention head’s query, key, and value inputs are separate edges, whereas the held-out columns use
the official INTERPBENCH evaluation, which scores those inputs at the level of the parent attention
head. The two groups of columns are therefore not comparable. Each GCL and our PGExplainer
adaptation held-out entry summarizes 16 case scores after averaging 5 seeds within each case. The
value after ± is the standard deviation of that statistic across seeds. The “No message-passing edges”
rows remove every message-passing edge while retaining every node and all of its features. For
the line-graph rows this isolates the value of message passing on the observed computation graph.
For the incidence-graph rows, the comparison does not hold the usable input information fixed. In
the incidence graph, three of the six feature roles are stored on component nodes, so removing the
message-passing edges also removes the edge readout’s access to them. Baseline values are taken
from Figure 9 of the INTERPBENCH paper [12].

For X ∈ {PG, SP}, let UX be the number of optimizer updates used to fit our PGExplainer adaptation
or Subnetwork Probing instance for one pair. Its work and span are

WX = WX,init +

UX∑
u=1

WX,u +WX,out, SX = SX,init +

UX∑
u=1

SX,u + SX,out. (58)

Our PGExplainer adaptation updates MLP parameters, whereas Subnetwork Probing updates a
directly parameterized mask. Within each update, all mask variables are optimized jointly through a
common objective. In both cases, update u+ 1 depends on the parameters produced by update u, so
the updates are sequential [5, 11].

At a fixed ACDC threshold τ , let Nτ be the number of edges examined along its greedy trajectory,
and let (Wτ,j , Sτ,j) be the cost of the intervention for the j-th examined edge. Its work and span are

WACDC(τ) = Wpre(τ) +

Nτ∑
j=1

Wτ,j , SACDC(τ) = Spre(τ) +

Nτ∑
j=1

Sτ,j . (59)

The intervention costs can differ by edge, and each intervention is evaluated against the circuit state
produced by earlier accepted removals, so later decisions depend on earlier ones [7].

GCL performs target-model tracing with the same asymptotic order of target-model work as EAP.
Unlike EAP-IG, it does not require repeated integration-point evaluations. Unlike our PGExplainer
adaptation and Subnetwork Probing, it does not require a per-pair optimization loop. Unlike ACDC,
it does not follow a sequential greedy intervention trajectory. This comparison characterizes marginal
algorithmic work and dependency structure rather than establishing a universal wall-clock or total-cost
advantage. Such an advantage also depends on predictor-training amortization, the scaling of (Wpred),
hardware, batching, and model and graph sizes.
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H Extended Related Work

Circuit localization methods. Circuit localization identifies a subgraph or circuit of a model’s
computation graph that is sufficient to reproduce a particular behavior. Automated methods for circuit
localization reduce the manual effort required to select components or connections. ACDC tests
removals of individual edges with causal interventions, whereas EAP and EAP-IG estimate edge
effects from gradients [1, 2, 7]. Subnetwork Probing and Edge Pruning instead optimize directly
parameterized circuit masks [4, 5]. These methods estimate or optimize a new circuit for each
model–task pair and therefore provide the most direct baselines for Graph Circuit Learning.

Recent methods have also applied learning to circuit localization, although they differ in what is
learned and whether it is reused. MechRL trains a policy with rewards from causal interventions [47].
Its learned policy can be applied to unseen behaviors without further training, whereas its warm-start
variant adapts the policy to the new behavior. Differentiable Faithfulness Alignment learns to map
node-importance scores from a source model to a target model, using a differentiable faithfulness
objective on the target [48]. Universal Circuits jointly learn an aligned feature space across vision
transformers and use it to identify class circuits that are shared across models or specific to individual
models [49]. The alignment is learned jointly for the models under study, and the resulting circuits
are defined over learned features rather than component connections. CircuitLasso does not reuse a
localization model across cases. It fits a sparse regression model to activations from one model and
task, producing circuits over neurons or sparse-autoencoder features [50].

By contrast, Graph Circuit Learning (GCL) is trained on synthetic model–task pairs with known
circuits and then applied to unseen pairs. Beyond these differences in supervision and transfer, our
study asks whether message passing over computation-graph structure improves circuit localization.
This question motivates the connections to GNN explainers and weight-space learning.

GNN explainers. Post-hoc GNN explainers identify which part of an input graph supports a
prediction made by a fixed graph neural network. GNNExplainer optimizes a subgraph for each
queried prediction. SubgraphX searches candidate subgraphs for a given query [51, 52]. PGExplainer
trains one edge-mask generator across inputs, allowing it to explain a new input without another
round of mask fitting [11]. GraphMask likewise learns reusable gates that remove messages from
a fixed GNN while preserving its predictions [53]. Gem derives training targets from the effects of
edge removals and then trains a generator that explains new inputs [54].

Among these methods, PGExplainer provides a parameterized edge scorer and therefore offers
a useful template for adapting graph explainability methods to circuit localization. Unlike GCL,
however, our adaptation is fitted independently to each model–task pair.

Weight-space learning. Weight-space learning treats neural weights as a meaningful domain for
analysis and modeling [9]. Permutation Equivariant Neural Functionals process model weights while
respecting the fact that hidden units can be reordered without changing the represented function
[10]. Graph Metanetworks encode a neural network as a graph, allowing one metanetwork to process
different architectures while respecting parameter reorderings that leave the represented function
unchanged [8]. Such methods describe or modify the network as a whole, for example by predicting
a property or editing its parameters. GCL adopts the same broad view of a trained network as
structured data, but adds activations and gradients from a specified task. Its output is one score for
each candidate circuit connection rather than a prediction or transformation at the level of the whole
network.

Foundation models and cross-domain transfer. Prior-data fitted networks provide a related
example of training once across many tasks and applying the resulting predictor to unseen tasks.
TabPFN is pretrained on millions of synthetic tabular datasets sampled from a prior, then uses labeled
examples from an unseen dataset as context to predict its unlabeled examples without fitting a new
model [16]. Graph foundation models pursue a related form of reuse across graph domains. GFT
pretrains a transferable vocabulary of computation-tree patterns for downstream graph tasks, while
Finkelshtein et al. construct graph foundation models with node- and label-permutation equivariance
and feature-permutation invariance and evaluate them in zero-shot node classification across graphs
with different features and labels [55, 56].
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Program-based and formal mechanistic interpretability. Restricted Access Sequence Processing
(RASP) expresses sequence algorithms through operations that transformers can implement, and
TRACR compiles RASP programs into transformer weights with known internal structure [22, 23].
TRACRBENCH provides a large collection of validated RASP programs and compiled models.
INTERPBENCH trains models to preserve program-derived circuits while giving them weights and
activations closer to those of conventionally trained models [12, 24]. Together, these controlled
models make it possible to study whether circuit labels can be learned across cases rather than inferred
anew for every case.

Other work seeks to recover a program rather than a circuit. Transformer Programs restrict the model
and its training procedure so that the trained network can be converted into a discrete program [57].
Neural Decompiling trains a model to recover complete RASP programs from TRACR weights [58].
Huang et al. [59] instead reparameterize a trained transformer as a RASP program and use causal
interventions to isolate a small sufficient subprogram, recovering interpretable programs from small
transformers trained on algorithmic and formal-language tasks. Formal approaches pursue stronger
guarantees. Gross et al. [60] use a mechanistic interpretation of a model to prove lower bounds on
its accuracy. Hadad et al. [61] use neural network verification to discover circuits with provable
guarantees: agreement with the model over a continuous input region, robustness of that agreement
under patching perturbations, and minimality. Both lines of work currently operate on small models,
because verification and proof techniques are challenging to scale to modern transformers. These
approaches certify behavior of either the whole model or a discovered circuit rather than supplying a
unique ground-truth circuit. To the best of our knowledge, benchmarks whose circuits are known by
construction provide the clearest established source of ground-truth supervision for circuit localization
across model–task pairs.

I Generative AI Usage
Table 5 summarizes our use of generative AI assistants. We take full responsibility for all content in
this work.

AI assistant from . . . Usage
Anthropic Theoretical analysis
OpenAI Computational complexity analysis

Anthropic & OpenAI Design dataset splits
Anthropic & OpenAI Generate code for experiments
Anthropic & OpenAI Generate figures and tables
Anthropic & OpenAI Proofread the final manuscript

Table 5: Generative AI Usage. From Anthropic, we used Opus 4.8, Opus 5, and Fable 5. From
OpenAI, we used GPT 5.5, GPT-5.6-Sol, and GPT-5.6-Terra. We independently verified all output
from the AI assistants and made all final methodological and interpretive decisions.
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